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II. Fixed-Fixed Beam.
y
1 .
A; %“""
i L |
| t
A. Boundary Conditions:
v = Q--O, @ x=0,L,
dx
x %, MTZ(XI) + My +x, Vo,
vi) =- [ [ RN dx, dx,
0 ¢ 7.
EVo - CE g2 (1 4 FI+ FyI
v L/ I (1x 2%ox 3 3x) ?
2y
where
.x X2 dX 1 ,XZ dx
1. = ———— dxs; , Iy= T T dxp ’
2x jO {) h(xy) g°(xy) 2 2 JO ‘f hi(xq) g7(xq) -
[ = j *2 x dx dx, Lo - fi %2 x dx dx
A A e I E) D A TET e B ’

I, _f f(xi) 1] h(x dx -

g°(%y) X1) £ (
F, = ,

2f h(x)g(x j a(X1)
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1 dx U f(xy)
| I’-{) h(x,) gg(xo szo 27 (Xq) dx;
Fg= 1 f Xy dx! -1 fI dxa
z 0 3 0 h(xq) g°(xy)

h(xg) g7(x4)

(Table 3.0-4 gives values for F, and Fy)
MOZ =aE Fl Fz )

(¢4
VOZ: 'IEFng s

M =M, +xV .
z(x) 0, " X Vo,

Xt
u (x) = 2B Bk dx,

av' A 0

If the end B is restrained against longitudinal motion, then

u X =0,
+ M +
MT y MTZ M;
g =-a¢ET+ ——yi——— z + I y o,
y Z

v(x), My, V, are same as above.

q
CASEa: EI (x) = constant, and f(x;) - (xr)

q
X aFixz X ( x)

— ) + {i-—) -1 .
M ( L) Iz(q+1) (q+2) q 4 L

L

M. = ZaEFl(q-i)
%  (q+1) (q+2)

’
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TABLE 3.0-4. VALUES OF CONSTANTS F,, F;, AND F,

non ' nows T i
U (Uniform Tempuraturo Distrdndiont
G », r, Fe G Fs Fy F, I F, ¥, ¥y
1 ~-1. OtH} G 41 -1. 0 0 =1, 000 | -6, 500 ALY 1] ~1. I =1, MKy AL
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& =1, st -0, (00 =150 LN =1, 70 [T 1. nd0
w7 =1, W =0, Tou 7 =] T2 "7 =2, 201 . ndg
(L] =1.000 [ ~boaoh | -1 577 L) =17 how =247 | -
a0 b U ~0. e -1 5% (%] =1.7Ta0 =1, 7h a Y R =2 434 =1, m
1o | <t on0 | =000 | < nm L ETIRTIEN [0 EETTRTITNN TS TR Y I )
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G F, ¥, ¥y [ F. F, K, « ¥ ¥,
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[ [N N ot REE T Ak "k LI IGUN I M L
[} LR =1.374 LY "ol -1, 'mn o LU TH
w.h =1, A -Nn_4%50 (L4 LI Re3 | o1y [ 1
1 n‘.u7—| -t,r.-u -0, A4z n:u‘.l PN CURN SRS I3 " RO
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4.4 Wt "o -t (T ) HOEE2 -
L LT no - -2lv o oy - G
i 0,2 ol o pl o] g
aw? noen "’ norey R L oz L
[T @ 244 s [y -u "
" 217 noa o -,
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v __8aEF,q
0z (q+1)(g+2)L '

20EF X
_ 20EF_ [r g x\
M7 (e [(1 1) @ 1}

CASE b:

MT ( xl)
4

w- = constant |,

= = - = .
Voz Mz MTZ constant

III. Fixed-Hinged Beam.

v
A d s el X
7 s
| L ol
I 1
A. Boundary Conditions:
dv
v = T 0, @x=0 ,
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where

Fy= (_IILI_) (refer to Table 3.0-4 for values of Fy),
3~ b

_ o EFy Fy
Vo, = - I .

MOZ=QEF1F4 ,

o FgL (1
L |
uav(x) = A, f f(xq) dxy ,
0
N + M + M
P lTZ M, e S
UXX:-QET+T+ g y+ —y——-——-l b4
Z y
If the end of B is hinged,
=0
uav(X) ,
M
MT + M/ T + My
g =~aETH+ ZI y + ——“Z'-I--—-— z
z y
CASE a:

EIZ = constant ;

f(xp)= (%)q ,
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+[:&)- )] e -

q+2

() =22 )

V., = 30!EF1
% (gt (g+2) L '

M, = - 3a E Fy ,
z (a+1) (g+2)

3¢ EF, (1 -i)

L
M =-
z (ar1) (g+2)
CASE b:
MTZ
Bl (x) = constant ,

z L !
3
MOZ_ 2 QEFl N
3 X
M= - = (1 L) QEF,

IV. Deflection Plots.

From the previous cases the deflection expressions were found to be

A. Simply Supported Beam:

Fy L? X
v(x) = —= (— I -1 )
) I, Lt h
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B. Fixed-Fixed Beam:

v(x)=--1f4--Iiz 1. +FI1 +T.1
Iy (1x 2°2x 33x)

C. Fixed-Hinged Beam:
F, L*
- - 2 -
v(x) 7 [11x+ F, (sz st)]

These expressions have been plotted for parameter variations of heam width,
depth, and degree of thermal gradient along the beam length. The plots are
made in nondimensional form with the following designation:

X
SS“(L L Iix) ’

FS = - [Iix * F4(12x i I.‘}x)] ’

and

Fir=- (Iix+ Fylae * Pl )

Therefore the deflection, v(x), for any case can be found by multiplying 88,

n 2
FS, or FF by -%th
i
Z

Figures 3.0-4 and 3. 0-~5 show the variation of FF and FS as a
function of lengthwise temperature gradient. In the {igure, G = H = 0 (con-~
stant cross section) and N equals the exponent of the thermal variation along
the length of the beam; e.g., N = 0 means constant variation, N - 1 means
lineaxy variation, etc.

Figures 3.0-6 through 3.0-13 show the three deflection parameters SS,
¥S, and FF for variation of parameters G, H, and N, where I equals
variation in width of heam along the length, G equals variation in depth at
x = 0) (refer to Paragraph 3.0,3.1).
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Figure 3.0-4. Deflection parameter FF versus distance along beam for
variation of lengthwise temperature gradient.
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for H=0,
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Figure 3.0-10. Values of 8S, FS, FF versus values of T
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3.0.2.3 Representation of Temperature Gradient by Polynomial.

A temperature profile obtained analytically or experimentally can be
approximated by a polynomial of the form

N M Cm
T=) ) Vv 2z +T
n=1 m=1

Accuracy of this approximation increases with the increase in the
number of terms of the polynomial; but, since the temperature distribution
is to be integrated in the process of obtaining the stress distribution, the
accuracy of the resulting distribution using a low-order polynomial improves.
The total number of grid points required to determine the coefficients an

pniquely is equalto (M+ N).

The coefficients an are obtained from the following relations.

r T —
Vit 311,12 %, 13 7 BaN e 44, MN T To
Vis Ao 11 %2.12%2,13" " P2, an o217 T %9 MN T, Ty ’
ViN _ aN, 1 aN’ for st aN’ MN TN-T0
Vot
V22

MmNl PNy, 11 2Ny 120 L(M+N), MN T(M+N)'To’



Section D
QOctober 15, 1970
Page 71
n m
where a, =y. Z,
i,mn i i
point at temperature Ti and T, = temperature at the centroid of the cross

The values (yi, zi) = coordinates of the ith grid

section.

If the temperature difference (Ti-T o) is continuous and symmetric

about the z-axis, then V =V =V =... =0, and if it is continuous
mi m3 mb5

d i i = = = ... . imil: %
and antisymmetric sz Vm4 Vm(j 0. Similarly, for temperuature
differences that are symmetric about the y-uxis, Vin = V‘m = Vrn =... 0,

f )
and if it is antisymmetric about the y-axis = = oo, =0
if it is antisymmetric about the y x1,Verl V4n V(m

If the temperature varies only in one direction (e.g., for variation
along the y-direction only)} along cither the y- or z-axis, the polynomial
reduces to

N n
T=-Te= ), V¥
n=1
[ i
F I : ~T
vy 1112 'in T T
. a. ..., ¢ -
\F ‘91 Moo ‘on T
‘ a ... H =T
Vn 1nl n2 1nn Tn 0
- A
a n n
“in yi

As before, if the temperature difference is continuous ind symmetric,
Vy=V3=Vg=... 0; and for continuous antisymmetric temperuture dif-
ferences V,= Vy= Vg=... 0.

If the grid points are equally spaced on the cross section, say at
distance dy, then the polynomial can be written in nondimensional form as

N n/y\"
Tl - TD = Z' Vn dl ('L)

n-1 dl
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EXAMPLES:
1. Continuous Symmetric Temperature
v a. Nine Points:
TI
&4
n .. n
b T -To= ), (V_dy) (i)
1 n
T n=2,4,6
2 2
T 9 - -1
1| V, d, 12 14 18 187 Ty - To
T,
T Vedd 22 24 26 98 T, - T,
Vg dy® 32 34 36 38 Ty - T,
Vg d;® L4? 4% 45 48] Ty~ Ty
Vod | [ 0.16000+01 -0.20000+00 0.25397-01 -0.17857-027 [T ,-T,
Vedd | | -0.67778¢00 0.23472+00 -0.33333-01 0.24306-02 | | T,~T,
Vg dif 0.80556-01 -0.36111-01 0.83333-02 -0.69444-03 | | T,~T,
Ved | L-0.27778-02 0.13889-02 -0.39683-03 0.49603-04] |T,-T,

b. Seven Points:

V, d,? 0.15000401 =-0.15000+00 0.11111-017 { T,-T,
Vyd,t )= |-0.54167+00 0.16667+00 -0.13889-01| ! T,~T,
Ve d,® 0.41667-01 -0.16667-01 0.27778-02] | T,-T,

¢. Five Points:
-1

i
Vg dla 12 14 Tl-TO

4 L

3 3
1 1

vedg 22| T G o sz-To

T1-Ty

12
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2. Continuous Antisymmetric Temperature
a. Nine Points:
7-1
v, d, [1 13 15 17 T,-T,
V3 d13 2 23 25 27 TZ-TO
V5 d15 3 33 35 37 T3-T0
V,d,? 4 4 4 4 T4-T,
V, dy " 0.15003+01 -0.30031+00 0.33466-01 -0.22126-04 ] (T,~T,
Vyd? -0, 54209400 0.33375+00 =0.41847-01 0.30116-04 | | T,-T,
Vs d,® 0.41787-01 -0.33454-01 0.83850-02 -0.86045-05 | | T3-T,
Vydi') |{-0.86045-05 0.86045-05 -0.36876-05 0.61461-06 | | T4T,
b. Seven Points:
Vv, dy 0.15000401 -0.30000+00 0.33333-01 T =Ty
Vydd}=|-0.54167+00 0.33333+00 -0.41667-01 T»-T,
Vs d,° 0.41667-01 -0.33333-01 0.83333-02 T4-T,
c¢. Five Points:
-
4 1
Vl dl 1 13 TI-TU '_3— "_3'_ TI-TU
1 i
vod |2 2} |Ty-T, = 5| [T T
)

d. Three Points:

Vldlle-TO
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3. Arbitrary Temperature Distribution
a. Five Points:
Y
\ - - -1
1 Vi dy 2t 22 23 ¢ To-T,
1
2| V, d;* 1 CI L & T{-T,

vadd | (-0 (-10? (-0P (-0t [T_-T,

? ved | L2t (-2 (-2)° (-24] |T_-T,

Vydg -0.83333-01  0.66667+00 =-0.66667+00 0.83333-01" Ty=T,
Vs d12 -0.41667-01 0.66667+00 0. G66667+00 -0, 41667-01 T4-Tg

V,d,? 0.83333-01 -0.16667+00 0.16667+00 -0.83333-01 T -T
3% 0

V4d14 L 0.41667-01 -0.16667+00 -0.16667+00 0.41667-01] |T _-T,

b. Three Points:
-1

1 1
Vl di 11 12 Tl-TO _2"" - _5' TI'TQ
2 - { ) - i 1
V2 dl (-1) ("1) T-I‘TO ‘E’ —2" T“I_TO

Once the polynomial coefficients are determined, refer to Table 3, 0-2
or 3.0-3 for constant F,. Refer toTable 3.0-4 for the constants F,, F;, and
F, to be used to find the fixed-end moments, reactions, and deflections of
the beam,

I. Example Problem 1.
Given: The beam of rectangular cross section with a temperature distribution

constant in the x—-direction and varying linearly from 500°F on the top surface
to 80°F on the bottom surface.
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v T1=500°F
Y - o |
= 50
' T, =500 °F . a= Gx 108
Ty =[290 °F, 6
x 10 . - E=30x10
L = 100 IN. .
N o

bl 80 °F
Find: Maximum stresses and maximum deflection v(x) in center of beam.
Solution:
i. Find the polynomial expression representing the given temperature

distribution in the y-direction. Refer to Paragraph 3.0.2.3, Continuous
Antisymmetric Temperature, Three Points

vidy=Ty{ - Ty
Therefore
v4(5) = 500 - 290
vy = 42
Therefore expression for T = v+ v,y = 200+ 42y

2. Find values of Fy, Fy, Fy, and Fj for each term of polynomial.
Refer to Table 3.0-2.

Vo = 290 Fp= 290 x bgdy = 290 x 10(5) = 50 x 290 Fy=0
Vi = 42 FO: 0

. {42) 3 42 3 o

= ——= Dbydy = — (D 0)" = 416.67(42

11 12 [\ 1} 12 (d) (1 ) 1) )7( )

Refer to Table 3. 0~-4:

x\1
(=0, H=0, G=6)  f(x) = 500 (_E)
Fy = -1.000 since constant in x-direction
q=190
Fy=0 constant depth G = 0

constant width H = 0
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3. Refer to Paragraph 3.0.2.2 II (Case b)

Moz= CI!EFle
-6
My, = 6x 10 " x 30 x 108 x 416.67 x 40 x (-1.00)

=3.15x 108
M
ozy

log ==-agET +
XX z

(-3.15x 10%) x 5

- 6 6
6 x 10°x 30 x 10°x 500 + 21067

il

Top Fiber: o
XX

i

g

=127 800 psi
XX

Deflection: v(x) = 0
Therefore the beam remains straight.
II. Example Problem 2.

Given: The I-beam shown below with a linear varying temperature in the
x-direction and varying as shown in the y-direction.

Y
Y
' 350°
o —_—_—
350 © 225°
(4]
100° 2 —] 4624 =[50
o [1007
o x <
1 .
| L = 100 IN. , e 100
| L)

Find: Stress Uxx and deflection v(x).

Solutidn:

i. Find the polynomial expression representing the given temperature
distribution in the y-direction. Refer to Paragraph 3.0.2.3, Arbitrary
Temperature Distribution, Five Points.
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v,d, | [-0.08333 0.6667 -0.6667 0.08333] (350-150) (62.5
Vyd,?| [-0.04167 0.6667 0.6667 -0.04167) [225-150] [10.42

Vyd,® || 0.08333 -0.16667 0.16667 -0.08333| |100-150 0

Vedgt| Lo0.04167 -0.1667 -0.16667 0.04167] }100-150 2,083

) 62.5 10. 42 ,  2.083 4
T=150+ 7756 Y* (Loe? Y F (Lot Y

T = 150 + 54.1y + 7.81y> + 1. 168y*

2. Refer to Tables 3.0-2 and 3. 0-4 for values of Fy, Fy, F,, F3, and
F4 for each term of polynomial.

n=0 V=150 Fg= 150(1.715) = 257.3  F;= 0

n=1 V,=54.1 Fy=54.1(0) = 0.0 F,=54.1(2.774)=150.0

=1
|

=2 V,=17.81 Fo=7.81(2.774)= 21.6 F,=0

n=4 V,=1.168 Fy=1.168(6.745)- 7.9 F;= 0

S Fy- 286.8 F, = 150.0
q
XY (XN _arg - omg (X
f (L) ( L) 350 - 250 ( L)
q=0 F, = -1.000 Fy= 0.0 F, = -1.502
q=1 Fp= 0.0 Fy= -1.0 F, = -0.502
F, = -1.000 Fy= -1.0 F,= -2.004

3. Refer to Section 3.0.2.2-III (Case b).
NIUZ = -3/205EF1 =~ 3/2(180)(150)= - 40,500

M =M, (1 -x/L) I = 10.55 in%
Z Z ’ Z
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My y

I
zZ

c {(@x=0y=-aET+
XX

40 000(2. 312)

Uxx = =-180(350) - 10.55
o = -71 860 psi
XX
Deflection:

v(x) = %1 x2/4(1 - x/L) = 21.35 x 10~ xt(1 - x/L)

z
X v(x)

0 0 —
10 90 x 21.35x 10
20 320 % "

40 960 "

50 1250 "

60 1440 "

80 1280 "

90 810 "
100 0

Refer also to Fig. 3.0-6 for the deflection.

3.0.3 Indeterminate Beams and Rigid Frames.

Continuous beams or frames can be analyzed by the method of moment
distribution described in Section B5.0, Frames. In this method a continuous
beam js fixed against rotation at all the intermediate supports over which the
beam is continuous; and, in the case of a frame, all the rigid joints are also
fixed against rotation and displacement. For each beam segment the moment
required to keep the slope at each of the two supports unchanged is called a
fixed-end moment. According to the convention of the method of moment
distribution, the fixed-end moment, which is an externally applied moment,
is positive if it is clockwise and negative if it is counterclockwise. This con-
vention should not be confused with the convention of strength-of-materials for
internal movement (refer to Paragraph 3.0.2). Fixed-end moment is desig-
nated by the subscript, F, and is abbreviated F.E.M.
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A B c A B c D
A &

3

4 4 B By Y oy
A 8 c A 8 c b
5 &H 1y HQ——(—EH—&
"F an MFaa MFBc No FEM. MFae MFBA MFBC Mch Meeo

The magnitude of F.E. M. is obtained by analyzing the fixed-fixed
beam or the fixed-hinged beam cases of Paragraph 3.0.2. In that paragraph,
MOZ is positive when counterclockwise; so, to convert MOZ to F.E. M.

, one
must multiply by -1.
FIXED - FIXED BEAM FIXED - END MOMENTS
A ] A 8
(| ym \ Vet
t i z J \
M v v M =-M M =M
0, o, L, Fas % Fea L,
ML =M0 +L V0
4 z z
FIXED - HINGED BEAM FIXED-END MOMENTS
A 8 A )
i . )
{ ! 7
M.V v M, =-M
% % L Fag 0,
A B A B
. ¢ l } {
| =, T, -
0 Me Mg
V0 z BA z

With this information, a normal moment distribution technique can be
performed to solve any continuous beitm or friame.
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3.0.4 Curved Beams.

For a free curved beam of arbitrary, constant cross section, the
centerline of which i8 an arc of a circle lying in one of the centroidal principal
planes under a temperature distribution T(r,8), the following comments can
be made.

1. For a small depth-to-radius ratio, straight-beam theory can be
used instead of the curved~beam theory.

2. For linear temperature variation (T =Ty _tzf) , the results of

curved-beam theory compare well with the solution obtained by exact thermo-
elasticity method; e.g., for a rectangular beam where the ratio of outside radius
to inside radius is equal to three, the maximum stress obtained by the curved-
beam theory differs from the maximum stress obtained by exact solution by

only 2.4 percent. Straight-beam theory, however, gives g " 0, which is

considerably erroneous.

2
3. For quadratic temperature distribution T = T, fz' , the difference

in maximum stress obtained by curved-beam theory and exact solution is only
4.9 percent for a rectangular section where the ratio of outside to inside radius
is equal to 3.0.

For solutions other than those mentioned above, see Ref. {.

3.0.5 Rings.

A ring may be regarded as a closed, thin, curved beam, and can there-
fore be studied by the methods given in 3. 0.4 and in Ref. 1.

3.0.6 Trusses.

3.0.6.1 Statically Determinate.

Every member of a pin-jointed determinate truss is not constrained to
elongate because of thermal loading. As a result, the net axial force in each
member is zero. Therefore, members of a pin-jointed determinate truss are
regarded as simply supported beams under thermal loading and should be
analyzed accordingly.

Deflections of joints of a truss can be obtained by the conventional
"dummy-load' method described in Section B4.2. 2.



